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Abstract. We consider the simplest extension of the standard electroweak model by one sterile neutrino
that allows for neutrino masses and mixing. We find that its leptonic sector contains much less free physi-
cal parameters than previously realized. In addition to the two neutrino masses, the lepton mixing matrix
in charged current interactions involves (n−1) free physical mixing angles for n generations. The mixing
matrix in neutral current interactions of neutrinos is completely fixed by the two masses. Both interactions
conserve CP . We illustrate the phenomenological implications of the model by vacuum neutrino oscillations,
tritium β decay and neutrinoless double β decay. It turns out that, due to the revealed specific structure
in its mixing matrix, the model with any n generations cannot accommodate simultaneously the data by
KamLAND, K2K and CHOOZ.

PACS. 14.60.Pq; 14.60.St; 23.40.-s

1 Introduction

The experiments with solar, atmospheric, reactor and ac-
celerator neutrinos have now provided evidence that neu-
trinos have mass and mix; for recent reviews on neutrino
oscillations, see e.g. [1, 2], and for an introduction to neu-
trino physics, see e.g. [3]. These experimental results can
be best understood in terms of neutrino oscillations [4–7].
This implies unambiguously that the standardmodel (SM)
of the electroweak interactions has to be extended at least
in the leptonic sector. Most phenomenological analyses
performed so far assume three active massive neutrinos
and a three by three unitarymixing matrix for charged cur-
rent (CC) interactions of leptons. The leptonic sector then
contains two differences of neutrino masses squared, three
mixing angles plus three CP -violating phases. It has been
shown to be capable of accommodating all neutrino data
except the LSND result [8–10], which however was not con-
firmed by other short baseline experiments [11–13] and
remains to be clarified by MiniBooNE [14] in the future.
From the model building point of view, such a scenario
requires new degrees of freedom to be added to SM, ei-
ther some heavy neutrinos [15–17], or a Higgs triplet which
also develops a vacuum expectation value [18]. In the first
case, the three by three mixing matrix amongst three light,
active neutrinos is only approximately unitary to the ex-
tent that their mixing with heavy neutrinos can be ignored
in the analysis of the current data. Thus it amounts to
a low energy effective theory of a fundamental one which
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could be much more complicated. In the second one, the
existence of a non-doublet Higgs boson is always severely
constrained by precision electroweak data and the null re-
sult of direct Higgs searches.
There are also attempts to incorporating the LSND

result by including explicitly a sterile neutrino into the
mixing scheme which was introduced earlier in the other
context [19–23]. But they are found to be disfavored by
the experimental data either because of the tension be-
tween the positive result of LSND and the negative ones by
other short baseline experiments or because of the rejection
of sterile neutrinos’ involvement in solar and atmospheric
data [24].
In this work, we put aside the LSND result as in most

studies and ask whether it is possible to understand the
neutrino data in a minimal extension of SM. The exten-
sion is minimal in the sense that it introduces the least
numbers of new degrees of freedom and free physical pa-
rameters into the fundamental theory without endangering
precision electroweak data. With this in mind, one pos-
sibility would be to introduce one sterile neutrino to the
SM of three generations. Such a kind of models were sys-
tematically studied a long time ago in the pioneering work
of [25]. They were also considered without including Ma-
jorana mass terms in [26, 27]. According to the analysis
in [25], this would introduce five mixing angles and three
CP -violating phases, in addition to two neutrino masses
(with the other two being massless). There should thus be
some room to accommodate the mentioned neutrino data
that essentially call for two mass-squared differences and
three independent mixing angles. However, as we shall ana-
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lyse in the next section, there are actually only two mixing
angles and there is no CP -violating phase in the lepton
mixing matrix after we take into account completely the
constraints from the texture zero that appears in the ori-
ginal neutrino mass matrix [28, 29]. Furthermore, as we
shall show in Sect. 3, due to the special structure in the
mixing matrix exposed in Sect. 2, it is even not possible
to accommodate simultaneously the data by KamLAND,
K2K and CHOOZ [30–34] for any number of n generations,
although in that case there are (n−1) free mixing angles at
our disposal. The same structure also results in the vanish-
ing leading contribution to neutrinoless double β decay for
any n which in principle is allowed to occur due to the Ma-
jorana nature of the neutrinos. Our results are summarized
and conclusions are drawn in the last section.

2 Parametrization of mixing matrix

In this section we first describe the leptonic sector of the n-
generation SM extended by n0 sterile neutrinos. Then, we
specialize to the simplest case of n0 = 1 to parametrize the
lepton mixing matrix and count its independent physical
parameters.

2.1 The model

The only new fields compared to SM are the n0 sterile
neutrinos that we choose to be right-handed without loss
of generality, sRx, x = 1, · · · , n0. It is sufficient for us to
concentrate on the leptonic sector of the model that con-
tains the standard n generations of the doublets, FLa =
(nLa, fLa)

T, and of the charged lepton singlets, fRa, a =
1, · · · , n. Here L,R refer to the left- and right-handed pro-
jections of the fields in terms of PL,R = (1∓ γ5)/2. The
kinetic and gauge interaction terms of the leptons are

Lk = nLai/∂nLa+ sRxi/∂sRx+fai/∂fa

LCC =
g
√
2

[
W+µ nLaγ

µfLa+W
−
µ fLaγ

µnLa
]

LNC =
g

2cW
Zµ
[
nLaγ

µnLa+faγ
µ
(
−PL+2s

2
W

)
fa
]

LEM =−eAµfaγ
µfa , (1)

where summation over the indices a, x is implied. g, e are
respectively the couplings of SU(2)L and U(1)EM, and
cW =mW/mZ withmW,Z being the masses ofW

±, Z.
Since the sterile neutrinos are neutral under SU(2)L×

U(1)Y by definition, they can have bare mass terms of Ma-
jorana type,

−LsR =
1

2
Mxys

C
RxsRy+

1

2
M∗xysRys

C
Rx (2)

where ψC = Cγ0ψ∗ stands for the charge-conjugate field of
ψ with C = iγ0γ2 satisfying C = −C† =−CT = −C−1 and
CγµTC = γµ. We denote sCR = (sR)

C for brevity. The n0×

n0 complex matrix M is symmetric due to anticommuta-
tivity of fermion fields, but it is otherwise general. Together
with the Yukawa terms of the leptons,

−LY = y
f
abFLaϕfRb+y

n
axFLaϕ̃sRx+h.c. (3)

where ϕ is the Higgs doublet field that develops a vacuum
expectation value, 〈ϕ〉 = (0, 1)Tv/

√
2, and ϕ̃ = iσ2ϕ∗, the

lepton mass terms become

−Lm =
[
fLm

ffR+nLDsR+h.c.
]
+
1

2

[
sCRMsR+h.c.

]
,

(4)

where mf = yfv/
√
2 and D = ynv/

√
2 are n×n and n×

n0 complex matrices respectively. The charged lepton mass
terms are diagonalized as usual by biunitary transform-
ations,

fL =XL�L, fR =XR�R, X
−1
L,R =X

†
L,R , (5)

with

X†Lm
fXR =m

� = diag(me,mµ,mτ , · · ·) , (6)

being real and positive. We shall denote the mass eigen-
state fields of the charged leptons, �L,R, by Greek indices,
α, β = 1, 2, · · · , n, corresponding to the electron, muon, etc.
The kinetic and mass terms for the neutral leptons

contain the fields nL, sR and s
C
R. To diagonalize, we first

rewrite them uniformly in terms of the fields nL, sR
and their charge-conjugates nCL , s

C
R. Using ψ

Ciγµ∂µχ
C =

−i∂µ(χ̄γµψ)+ χ̄iγµ∂µψ, where the total derivative term
can be ignored in the Lagrangian, and ψCχC = χ̄ψ, the
terms become

Lνk =
1

2

(
nCL , sR

)
i/∂

(
nCL
sR

)
+
1

2

(
nL, s

C
R

)
i/∂

(
nL
sCR

)
,

−Lνm =
1

2

(
nL, s

C
R

)
mn
(
nCL
sR

)
+
1

2

(
nCL , sR

)
mn†
(
nL
sCR

)
,

(7)

where the (n+n0)-dimensional, symmetric mass matrix in
the new basis is

mn =

(
0n D

DT M

)

, (8)

with 0n being the zero matrix of n dimensions. For n > n0,
which covers our case of interest, n = 3, n0 = 1 later on,
it contains a zero eigenvalue of degeneracy (n−n0) and
2n0 eigenvalues which are non-zero and nondegenerate for
general parametersD, M . Without changing the diagonal
form of the kinetic terms, we make a unitary transform-
ation

(
nCL

sR

)

= Y νR, Y
−1 = Y †, (9)

which also fixes the transformation of the conjugate fields,
(
nL
sCR

)
= Y ∗νCR , (10)
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such that

Y TmnY =mν = diag(0, · · · , 0,mn−n0+1, · · · ,mn+n0) ,
(11)

with the nonvanishing masses being real and positive. We
shall denote the mass eigenstate fields of the neutral lep-
tons, νR, by Latin indices, j, k = 1, 2, · · · , n+n0. Then

Lνk+L
ν
m =

1

2

(
νRi/∂νR+νCR i/∂ν

C
R

)

−
1

2

(
νCRm

ννR+νRm
ννCR

)
, (12)

which may be put in the compact form

Lνk+L
ν
m =

1

2
ν̄ (i/∂−mν) ν (13)

by introducing the Majorana neutrino fields

ν = νR+ν
C
R , (14)

satisfying νC = ν.
Now we express the interactions of leptons in terms of

the fields with a definite mass. There are no changes in
L�NC+L

�
EM for the charged leptons. The CC interaction

becomes

LCC =
g
√
2

[
V CβjW

−
µ �Lβγ

µνj+V
C∗
βj W

+
µ νjγ

µ�Lβ
]
, (15)

where the n× (n+n0) matrix

V Cβj =
n∑

a=1

(
X†L

)

βa
Y ∗a j (16)

is the leptonic analog of the mixing matrix V †CKM in the
hadronic sector. It is important to notice that only the first
n rows in Y are involved in the CC mixing matrix V C [25],
because the remaining n0 rows are associated with the ster-
ile neutrinos sR which do not enter any interactions. Due to
this and unitarity ofXL and Y , we have

V CV C† = 1n, (17)

but V C†V C �= 1n+n0 . Actually, the latter appears in the
neutral current (NC) interaction for the neutrinos

LνNC =
g

2cW
V NkjZµνkγ

µPLνj (18)

by the relation [25]

V Nkj =
n∑

a,b=1

YbkδbaY
∗
aj =

n∑

a,b=1

∑

α

Ybk (XL)bα

(
X†L

)

αa
Y ∗aj

=
(
V C†V C

)
kj
. (19)

Using ψCγµPLχ
C =−χ̄γµPRψ, νCj = νj and hermiticity of

V N, the interaction can also be cast in the form

LνNC =
g

4cW
Zµνkγ

µ
[
iImV Nkj −γ

5ReV Nkj
]
νj (20)

In addition to the condition (17), V C satisfies a relation
that will be important in its parametrization. The original
neutrino mass matrix mn has an n-dimensional zero sub-
matrix in its left-upper corner which is protected by gauge
symmetry of the model. Then (11) implies that

(
Y ∗mνY †

)
ab
= 0, a, b= 1, · · · , n (21)

Multiplying it by (X†L)αa(X
†
L)βb, summing over a, b and

using (16) leads to the matrix relation [28, 29]

V CmνV CT = 0n . (22)

Note that the above holds irrespective of n>n0 when there
are massless modes or n ≤ n0 when there is none for the
general parametersD, M .

2.2 The mixing matrix

From now on, we shall restrict ourselves to the case of
n0 = 1. We offer two ways to construct the mixing matrix
V C, one by using the constraints (17), (22) and the other
by explicit diagonalization. This is then followed by count-
ing the independent physical parameters contained in it.
We start with the case of n= 1 in which the two neutri-

nos are generally massive and nondegenerate with masses
denoted by 0<m− <m+. The mixing matrix is a one-row
complex matrix, V C = (r1e

iρ1 , r2e
iρ2). Equations (17) and

(22) read

r21+ r
2
2 = 1, m−r

2
1+m+r

2
2e
2i(ρ2−ρ1) = 0 , (23)

whose solution gives

V C = eiρ1(cm,±ism),

cm =

√
m+

m++m−
, sm =

√
m−

m++m−
, (24)

and then

V N =

(
c2m ±icmsm

∓icmsm s2m

)

. (25)

The global phase in V C can be absorbed into the electron
field, while the two signs can be interchanged by flipping
the sign of the field ν2. Both mixing matrices are thus
uniquely fixed by the two neutrino masses, in contrast to
the claim in [25] that there are one free mixing angle and
one free CP -violating phase. Note that the nonreality of
V C,N is not a sign of CP violation. If we want, we can
absorb the i into the field ν2 without changing its mass
term so that the V C,N are real. But this will introduce
a nontrivial “creation phase” into it which was unity before
rephasing [35–37].
The above result may also be obtained by direct diag-

onalization of the mass matrix in (8) where D and M are
two complex numbers. The unitary matrix Y in (11) may
be parametrized generally as

Y = eiγ0
(
ceiγ1 seiγ2

−se−iγ2 ce−iγ1

)
(26)
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with c2+ s2 = 1 and all parameters being real. Denoting
D = |D|eiδ1 ,M = |M |eiδ2 , (11) then yields

m± =
1

2

[√
|M |2+4|D|2±|M |

]

ei2γ1 =−ei2γ2 =±ie−i(δ1−δ2), ei2γ0 =±ie−iδ1 (27)

and c, s being identified with cm, sm in (24). Since only
the first row of Y appears in V C, the relevant phase is
ei(γ2−γ1) =±i independently of δ1,2, and the preceding re-
sult is reproduced.
For the case of n > n0 = 1, we generally have two mas-

sive modes with masses m− <m+, that we arrange to be
the last two in the order of increasing mass, and (n−1)
massless modes. Assuming (V C)α,j = rα,je

iρα,j , (22) im-
plies that

m−rα,nrβ,ne
i(ρα,n+ρβ,n)

+m+rα,n+1rβ,n+1e
i(ρα,n+1+ρβ,n+1) = 0 . (28)

Note that the constraints from the off-diagonal elements
(α �= β) are not independent but just resolve the separate
two-fold ambiguities in the constraints for the diagonal
elements (α= β) to an overall two-fold ambiguity:

rα,n+1

rα,n
=
√
rm, e

iρα,n+1 =±ieiρα,n (29)

with rm =
m−
m+
. V C can then be factorized as

V C = V U , (30)

where V is an n×nmatrix whose αth row is

(
rα,1e

iρα,1 , · · · , rα,n−1e
iρα,n−1 , rα,n

√
1+ rme

iρα,n
)
(31)

and U is an n× (n+1) matrix

U =

(
1n−1 0(n−1)×1 0(n−1)×1
01×(n−1) cm ±ism

)
, (32)

with cm, sm again given in (24). UU
† = 1n together with

(17) gives V V † = 1n. Since V is a square matrix whose en-
tries are otherwise arbitrary, it is a general unitary matrix
of dimension n. The above structure yields

V N =

⎛

⎝
1n−1

c2m ±icmsm

∓icmsm s2m

⎞

⎠ . (33)

Thus the NC interactions of neutrinos do not contain any
free mixing angles orCP -violating phases that may appear
in their CC interactions. They conserve CP , and the off-
diagonal interactions occur only between the two massive
neutrinos.
This result can be confirmed by direct diagonaliza-

tion of the mass matrix in (8). In the first step, we de-
couple the (n− 1) massless modes. Now D is an n-row
column matrix whose entries are parametrized as Da =
|Da|eiδa . The magnitudes define a vector in Rn, which is

rotated to the nth axis by the rotation R0. Denoting E0 =
diag(e−iδ1 , · · · , e−iδn) and the (n+1)-dimensional unitary
matrix

Y0 =

(
(R0E0)

T

1

)
, (34)

we have

Y T0 m
nY0 =

⎛

⎝
0n−1

0 |D|

|D| M

⎞

⎠ (35)

with |D| =
√∑

a |Da|
2. The problem has thus been re-

duced to the case of n= n0 = 1 that we treated earlier. The
required 2-dimensional unitary matrix, now denoted as y1,
for diagonalizing the submatrix is given in (26) and (27).
Then

Y TmnY = diag(0, · · · , 0,m−,m+) (36)

where Y = Y0Y1 and

Y1 =

(
1n−1

y1

)
. (37)

Noting the block diagonal form of Y0,1, (16) gives the same
factorized form of V C as in (30) with the same U as in (32),
but now

V =X†L(R0E0)
†ei(γ0+γ1) . (38)

SinceXL is a general unitary matrix, so is V .
Now we count the free physical parameters contained in

the matrix V C. An n-dimensional unitarymatrix V may be
parametrized as a product in any arbitrarily specified order
of the n phase matrices, eα(uα) (α = 1, · · · , n), and the
n(n−1)/2 complex rotation matrices in the (α, β) plane,
ωαβ(θαβ , ϕαβ) (n≥ β > α≥ 1) [25]. Here eα(z) is obtained
by replacing the αth entry in 1n by the phase z, and

ωαβ(θαβ , ϕαβ) = eα(e
iϕαβ )Rαβ(θαβ)eα(e

−iϕαβ ) (39)

where Rαβ(θαβ) is the usual real rotation matrix through
angle θαβ in the (α, β) plane. We choose the order of prod-
ucts in such a way that it fits our purpose here:

V = en(un)
n−1∏

α=1

ωαn(θαn, ϕαn)

(
X
1

)

≡ V0

(
X
1

)
, (40)

where X is the general (n−1)-dimensional unitary matrix
containing (n− 1)2 real parameters and the ωαn factors
are ordered from left to right in increasing α. From the re-
vealed structure in (30), the matrix containing X can be
pushed through the matrixU to be absorbed into the mass-
less neutrino fields without causing any other changes in
the Lagrangian. This leaves us with (2n−1) real parame-
ters in V0.
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However, not all parameters in V0 are physical. For
brevity, we denote ωαn(θαn, ϕαn) = ωα, Rαn(θαn) = Rα,
eα(e

iϕαn) = eα, and eα(e
−iϕαn) = e∗α. For n = 1, V0 =

e1(u1) can be absorbed into the single charged lepton field,
leaving no free physical parameters in V C as we found ear-
lier. For n= 2, we have

V0 = e2(u2)e1R1(θ1)e
∗
1 , (41)

where e2(u2)e1 can be absorbed into the two charged lep-
ton fields, while e∗1 can be pushed through U and absorbed
into the massless neutrino field, leaving behind one physi-
cal mixing angle in this case. For n≥ 3, we combine the two
adjacent ω as follows:

ωαωα+1 = eαRαe
∗
αeα+1Rα+1e

∗
α+1

= eαeα+1RαRα+1e
∗
αe
∗
α+1 , (42)

because [eα, eβ ] = 0, and [eα, Rβ ] = 0 for α �= β and α < n.
The sequence can be continued such that

V0 =

[

en(un)
n−1∏

α=1

eα

]

·
n−1∏

β=1

Rβ ·

[
n−1∏

γ=1

e∗γ

]

. (43)

Again, the right factor commutes with U to get absorbed
by the (n−1) massless neutrino fields and the left one by
the n charged lepton fields.
To summarize, the lepton mixing matrix V C contains

(n− 1) free physical mixing angles and no CP -violating
phases, and it may be parametrized as in (30) with U given
in (32) and

V =
n−1∏

α=1

Rαn(θα) . (44)

The angles θα describe the mixing of the (n−1) massless
neutrinos with the subsystem of the two massive ones. The
mixing matrix V N in NC interactions of neutrinos does
not contain these free parameters but is fixed by the two
neutrino masses. It is off-diagonal only in the massive sub-
system and also conserves CP . It is interesting that the
above counting for V C happens to be the same as the one
in [26, 27], where the bare Majorana mass terms were not
included. In that case, mixing occurs only amongst the
n left-handed neutrinos that belong to the leptonic dou-
blets, and there are one massive Dirac neutrino and (n−1)
massless neutrinos. Since a massive Dirac neutrino may be
considered as a pair of Majorana neutrinos with identical
mass, the model studied in [26, 27] appears as a special case
in the current work. The Majorana mass terms were in-
deed included in [25], but it was found that there are (2n−
1) mixing angles and n CP -violating phases in V C, total-
ing (3n−1) free parameters; much more than the number
found here. The difference arises from the fact that the
constraints (22) from the texture zero in the original neu-
trino mass matrix have been completely exploited here to
remove all unphysical parameters, while they were only
partially applied in [25] to delete unitary transformations
within the massless neutrinos.

The above counting of physical parameters can be ex-
tended to the general case. Without giving further details,
we record the results as follows. For n0 ≥ n ≥ 1, V C con-
tains n(n0−1) mixing angles and n(n0−1) CP phases, to
be compared with n0n+n(n−1)/2 angles and n0n+n(n−
1)/2 phases in [25]. Out of them, only n(2n0−n− 1)/2
angles and n(2n0−n−1)/2 phases appear in V N. When
n≥ n0 ≥ 1, V C has n0(n−1) angles and n(n0−1) phases,
much less than the 2n0n−n0(n0+1)/2 angles and 2n0n−
n−n0(n0−1)/2 phases found in [25]. Out of those, only
n0(n0−1)/2 angles and n0(n0−1)/2 phases enter in VN.

3 Phenomenological implications

We study in this section some phenomenological implica-
tions of the leptonic CC interactions as revealed in (30),
(32) and (44). A possible way to measure the absolute neu-
trino mass is to study the electron spectrum in tritium β
decay, which is sensitive to the effective neutrino mass,

mνe =

√∑

j

m2j |V
C
1j |
2 = |V1n|

√
m2−c

2
m+m

2
+s
2
m

= |V1n|
√
m+m− = |V1n||D| . (45)

Thus the decay spectrum is only sensitive to a Dirac-type
mass in this model.
The neutrinoless double β decay of nuclei is currently

the only known practical means to unravel the Majorana
nature of neutrinos. At leading order of the expansion in
neutrino mass over momentum transfer, the decay ampli-
tude is proportional to the effective neutrino mass,

mββ =

∣
∣
∣∣
∣
∣

∑

j

mj(V
C
1j )
2

∣
∣
∣∣
∣
∣

= |V1n|
2|m−(cm)

2+m+(±ism)
2|= 0 . (46)

Although the Majorana nature of neutrinos in principle al-
lows the decay to occur, it is highly suppressed in the model
considered.
Finally, we want to study whether the model can

accommodate the neutrino oscillation data excluding
LSND1. This would require at least two mass-squared dif-
ferences and three mixing angles. From our above analysis,

1 After submitting the paper to the arXiv, I was informed
of the earlier work [38], where the neutrino mass matrix was
diagonalized explicitly for the case n= 3, n0 = 1. The diago-
nalizing 4×4 unitary matrix was used to compute the neutrino
oscillation probability which thus normalizes to unity. How-
ever, as emphasized here and in [25], what really appears in
the probability for a CC process is the rectangular 3×4 matrix
in CC interactions instead of the above diagonalizing matrix
even in the basis where the charged leptons are diagonalized.
Nevertheless, their phenomenological conclusions for the case
n= 3, n0 = 1 on the model’s incapability of accommodating so-
lar and atmospheric neutrino data are consistent with ours for
any n.
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we know that with a single sterile neutrino there are only
two free mixing angles for three generations. Although this
is augmented by an effective mixing angle formed by the
two neutrino masses, the chance to accommodate all data
looks small. Our analysis below makes this claim stronger.
As a first attempt, it is enough to consider the data that
may be reasonably well described by vacuum neutrino os-
cillations, that is, those by KamLAND, K2K and CHOOZ.
These experiments produce and detect neutrinos by CC
interactions. The amplitude for the whole process that pro-
duces a neutrino and a charged lepton �̄α at the source
and detects a charged lepton �β at the detector is pro-
portional to

∑
j V
C∗
αj V

C
βj exp[−im

2
j L/(2E)], where L is the

source–detector distance and E the energy of a relativistic
neutrino. The probability is

P (α→ β) = δαβ−4
∑

i>j

Re(Qαβ;ij) sin
2 ∆ijL

4E

+2
∑

i>j

Im(Qαβ;ij) sin
∆ijL

2E
, (47)

where∆ij =m
2
i −m

2
j and Qαβ;ij = V

C∗
αi V

C
βiV

C∗
βj V

C
αj .

The above formula simplifies considerably in our model
due to the special structure of V C and the existence of only
three different masses. Equations (30) and (32) give

V CαjV
C∗
βj =

n−1∑

γ=1

VαγV
∗
βγδjγ

+VαnV
∗
βn(c

2
mδjn+ s

2
mδj,n+1) , (48)

where the i factor in U drops out already. Taking into ac-
count the three different masses, we only need the following
quantities:

n−1∑

j=1

Qαβ;n,j = c
2
m|Vαn|

2(δαβ−|Vβn|
2),

n−1∑

j=1

Qαβ;n+1,j = s
2
m|Vαn|

2(δαβ−|Vβn|
2),

Qαβ;n+1,n = c
2
ms
2
m|VαnVβn|

2, (49)

where unitarity of V is used in the first two equalities. They
are real even without using the reality of V in (44). Thus
the probability for the associated process with �̄α, �β re-
placed by �α, �̄β is the same. Denoting x± =m

2
±L/(4E),

we obtain

P (α→ β) = δαβ−4|VαnVβn|
2c2ms

2
m sin

2(x+−x−)

−4|Vαn|
2
(
δαβ−|Vβn|

2
)

× (c2m sin
2 x−+ s

2
m sin

2 x+) . (50)

Note that the probability does not normalize to unity [25]:

∑

β

P (α→ β) = 1−4|Vαn|
2(cmsm)

2 sin2(x+−x−) . (51)

This occurs because the mixing matrix appearing in the
amplitude is not the one relating weak and mass eigen-
states of neutrinos which is always unitary and would guar-
antee unity normalization, but the one appearing in CC
interactions which is not unitary in the current model, so
that the sterile degree of freedom gets effectively lost in the
sum.
The KamLAND and CHOOZ are reactor ν̄e disap-

pearance experiments at L/E ∼ (20–50)103 km/GeV and
L/E ∼ 333 km/GeV, respectively, and are thus potentially
sensitive to small and large mass-squared differences. The
K2K experiment observes the accelerator νµ disappear-
ance at L/E ∼ 200 km/GeV, close to the range at CHOOZ
though in a different channel. That KamLAND and K2K
observed deficits and spectral distortions implies that there
would be two well-separated mass-squared differences.
Then the null result by CHOOZ would be interpreted
by some small mixing parameter. There are two ways
to arrange this, either (1) m2+ ∼m

2
−�m

2
+−m

2
− or (2)

m2+�m
2
−, implying correspondingly (1) cm ∼ sm ∼ 1/

√
2

or (2) cm ∼ 1, sm ∼ 0.
In case (2), oscillations in the larger mass-squared dif-

ference, i.e., in x+ ∼ x+−x−, are highly suppressed in all
channels, and thus they are incapable of accommodating
the K2K data. In case (1), we have

P (α→ α)∼ 1−4|Vαn|
2(1−|Vαn|

2) sin2 x+

−|Vαn|
4 sin2(x+−x−) . (52)

For K2K and CHOOZ, the last term can be ignored so
that their results imply that 4|V2n|2(1−|V2n|2) ∼ 1 and
4|V1n|2(1−|V1n|2)∼ 0. Since unitarity of V demands that
|V1n|2+ |V2n|2 ≤ 1, the combined solution is |V2n|2 ∼ 1/2
and |V1n|2 ∼ 0. But the latter is rejected by the KamLAND
data.

4 Conclusion

We have investigated the leptonic mixing matrices in SM
augmented by one sterile neutrino. We found that the mix-
ing matrix V C in CC interactions takes a factorized form,
with one factor U describing the mixing in the subsystem
of the two massive neutrinos and the other V the mixing
of the massless neutrinos with the subsystem. We showed
that this arises from the texture zero in the neutrino mass
matrix that is protected by gauge symmetry. The matrix
U is completely fixed by the two masses, while the factor-
ization makes it possible to remove all phases in V , thus
leaving us with (n−1) free physical mixing angles in V C for
n generations. The factorization also determines uniquely
the mixing matrix V N in NC neutrino interactions in terms
of the masses so that off-diagonal interactions occur only
between the massive neutrinos. Both CC and NC interac-
tions automatically conserveCP . We also considered some
phenomenological results from the exposed structure in
V C. The effective neutrino mass in tritium β decay is es-
sentially sensitive to the Dirac mass in the model, while the
leading contribution to neutrinoless double β decay van-
ishes. The difficulty with this simple model is that, even



Y. Liao: Lepton mixing matrix in standard model extended by one sterile neutrino 789

with any number of generations, it cannot accommodate
the vacuum neutrino oscillation data coming from Kam-
LAND, K2K and CHOOZ. A way out might be to intro-
duce two sterile neutrinos, which would bring in more free
parameters into the model. While the involvement of ster-
ile neutrinos is not favored in solar and atmospheric data,
it might still be phenomenologically viable by relaxing the
tension between the LSND and other short baseline experi-
ments, if either of the two can be unambiguously confirmed
by MiniBooNE.
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